Abstract. A space is said to be power-homogeneous if some power of it is homogeneous. We prove that if a Hausdorff space X of point-countable type is power-homogeneous, then, for every infinite cardinal τ , the set of points at which X has a base of cardinality not greater than τ , is closed in X. Every power-homogeneous linearly ordered topological space also has this property. Further, if a linearly ordered space X of point-countable type is powerhomogeneous, then X is first countable.
All spaces considered are assumed to be T 1 -spaces. A space X is said to be power-homogeneous if some non-zero power of X is homogeneous. This notion was introduced and studied by E. van Douwen in [5] . Further results on power homogeneity were obtained in [6] , [4] , [7] , [8] , [9] , [10] , [11] and [3] . Which spaces are power-homogeneous is interesting to know in connection with the following, still unsolved, problems: is an arbitrary compact Hausdorff space a continuous image of a homogeneous compact Hausdorff space? Is there a homogeneous compact Hausdorff space with the Souslin number greater than 2 ω (E. van Douwen)? For a survey of the topic, see [7] .
Let τ be an infinite cardinal. A point x ∈ X (a set A ⊂ X) will be called a G τ -point in X (a G τ -subset of X) if there exists a family γ of open sets in X such that |γ| ≤ τ and {x} = γ (and A = γ). The character of a space X at a point x does not exceed τ (we write χ(x, X) ≤ τ in this case) if there exists a base B x at x such that |B x | ≤ τ .
Our main results on power-homogeneity are Theorems 10, 16, and Corollary 29. They show, in particular, that under a very general restriction on a Hausdorff space X, a necessary condition for power-homogeneity of X is that the character in X does not increase under the closure operator. This is a very effective (though, not a universal) tool in proving that certain (in fact, very many of them) spaces are not power-homogeneous. Partial results in this direction were obtained in [3] .
In what follows, τ is an infinite cardinal number. Suppose that F = {X a : a ∈ A} is a family of spaces, and X = a∈A X a is the product of these spaces. A τ -cube in X is any subset B of X that can be represented as the product B = a∈A B a , where B a is a non-empty subset of X a , for each a ∈ A, and the cardinality of A B = {a ∈ A : B a = X a } is not greater than τ . We put X K = a∈K X a , for every non-empty subset K of A, and denote by p K the natural projection mapping of X onto X K . The G τ -tightness of a space X at a point z ∈ X is said not to exceed τ (notation: t τ (z, X) ≤ τ ) if, for every family γ of G τ -subsets of X such that z ∈ γ, there is a subfamily η of γ such that |η| ≤ τ and z ∈ η. Theorem 1. Suppose that {X a : a ∈ A} is a family of topological spaces, τ an infinite cardinal number, and z a a point in X a , for each a ∈ A, such that χ(z a , X a ) ≤ τ , and let X = a∈A X a be the topological product. Then the G τ -tightness of X at the point z = (z a : a ∈ A) is not greater than τ .
Proof.
It is enough to show that, for any family γ of τ -cubes in X such that the point z = (z a : a ∈ A) is in the closure of the set U = γ, there exists a subfamily η of γ such that x ∈ η and |η| ≤ τ .
Let A 0 be any non-empty subset of A such that |A 0 | ≤ τ . Assume that a subset A n is already defined and satisfies the condition
Put M = {A n : n ∈ ω} and η = {γ n : n ∈ ω}. Clearly, η is a subfamily of γ such that |η| ≤ τ . Let H be the closure of η. Let us show that z ∈ H. Every standard open neighbourhood O 1 of z in X has a common point with H. Indeed,
Since the sequence {A n : n ∈ ω} is increasing, there exists n ∈ ω such that F ⊂ A n . Then, by the choice of γ n , p F (z) is in the closure of the set {p F (V ) : V ∈ γ n } in the space X F . Therefore, there exists a point y ∈ η such that p
The next statement is proved in a standard way. A τ -twister at a point e of a space X is a binary operation on X, written as a product operation xy on x, y in X, satisfying the following conditions: a) ex = xe = x, for each x ∈ X; b) for every y ∈ X and every G τ -subset V in X containing y, there is a G τ -subset P of X such that e ∈ P and xy ∈ V , for each x ∈ P (that is, P y ⊂ V ) (this is the G τ -continuity of the operation at e on the right); and c) if e ∈ B, for some B ⊂ X, then, for every x ∈ X, x ∈ xB (this is the continuity of the operation at e on the left).
When in the above definition we replace condition b) with the following condition: b ) for every y ∈ X and every open neighbourhood V of y, there is an open neighbourhood W of e such that W y ⊂ V , then we obtain a definition of a twister on X.
Proposition 3. If Z is a retract of X and e ∈ Z, and there is a τ -twister (a twister) at e on X, then there is a τ -twister (a twister) on Z at e.
Proof. Fix a retraction r of X onto Z and a τ -twister on X at e, and define an operation φ on Z by the rule:
If a space X has a τ -twister (a twister) at a point e ∈ X, we say that X is τ -diagonalizable (respectively, diagonalizable) at e. A space is called τ -diagonalizable (diagonalizable) if it is τ -diagonalizable (respectively, diagonalizable) at every point. Diagonalizability was first introduced and applied in [2] , [3] .
Proposition 4.
Suppose that {X a : a ∈ A} is a family of topological spaces, τ an infinite cardinal number, and e a a point in X a , for each a ∈ A. Let X = a∈A X a be the topological product and e = (e a : a ∈ A).
Proof. Fix a τ -twister on X a at e a , and define the product operation on X coordinatewise. This is a τ -twister on X.
Theorem 5. Suppose that X is a Hausdorff space and τ an infinite cardinal such that X is τ -diagonalizable and the
Proof. Take any e ∈ A, and fix a τ -twister at e. Since the G τ -tightness of X at e does not exceed τ , and each point in A is a G τ -point in X, there exists a subset B of A such that |B| ≤ τ and e ∈ B. For every b ∈ B we can find a
* , and xb = b, for every b ∈ B and every x ∈ P * . Claim: P * = {e}. Assume the contrary, and fix c ∈ P * such that c = e. There is an open neighbourhood W of c such that e is not in the closure of W . We have ce = c ∈ W . By the continuity assumption, there is an open neighbourhood V of e such that cV ⊂ W . We can also assume that
follows that e is a G τ -point in X, that is, e ∈ A and A is closed.
Proposition 6. If e is a G τ -point in a space X, then there exists a τ -twister on
X at e.
Proof. Put ey = y, for every y ∈ X, and xy = x for every x and y in X such that x = e. This operation is a τ -twister on X.
Theorem 7. Suppose that X is a power-homogeneous Hausdorff space and µ an infinite cardinal such that the character of X at least at one point is not greater than µ. Then, for any cardinal
Proof. Fix an infinite cardinal number λ such that the space X λ is homogeneous. It follows from Theorem 1 that the G τ -tightness of X λ at least at one point does not exceed τ . Hence, the G τ -tightness of X λ is not greater than τ at all points, since X λ is homogeneous. The natural projection of X λ onto X is open and continuous. Therefore, by Proposition 2, the G τ -tightness of X also does not exceed τ .
The set of G τ -points in X is not empty. From Proposition 6 it follows that X is τ -diagonalizable at some point. By Proposition 4, X λ is τ -diagonalizable at some point. Since X λ is homogeneous, the space X λ is τ -diagonalizable. Since X is a retract of X λ , it follows from Proposition 3 that X is τ -diagonalizable. It remains to refer to Theorem 5. Proof. If C τ is empty, we have nothing to prove. Assume that C τ is non-empty, and fix a G τ -point a in X. Then, since X is a space of point-countable type, the character of X at a does not exceed τ [1] . Now it follows from Theorem 7 that the set C τ is closed in X.
We will call a space X character-closed if, for every infinite cardinal number τ , the set of all points of X at which X has a base of cardinality not greater than τ is closed in X.
Corollary 11. If X is a Hausdorff space of point-countable type, and X contains a G δ -subspace Y such that the set of all G δ -points is dense in Y and Y is not first countable, then X is not power-homogeneous.
Example 12. Let X be a Hausdorff space of point-countable type with a G δ -subspace Y which is one of the following: 1) ω 1 + 1 or any larger ordinal space; 2) βω or the Stone-Čech-compactification of a non-compact metrizable space; 3) the Alexandroff one-point compactification of an uncountable discrete space; 4) any uncountable scattered compactum. Then it follows from Corollary 11 that X is not power-homogeneous. This generalizes and explains some results of E. van Douwen and V. Malykhin in [5] and [8] .
The next statement is proved by practically the same argument as Theorem 7.
Theorem 13. Suppose that {X a : a ∈ A} is a family of Hausdorff spaces, µ an infinite cardinal number, and e a a point in X a , for each a ∈ A, such that the character of X a at e a is not greater than µ. Suppose further that the product space X = a∈A X a is homogeneous. Then, for each cardinal τ such that µ ≤ τ , and for each a ∈ A, the set of all G τ -points in X a is closed.
Corollary 14. Suppose that X is a Hausdorff space of point-countable type first countable at a dense set of points and that Y is a Hausdorff space first countable at some point such that the space X × Y is power-homogeneous. Then X is first countable.

Problem 15. Is there a compact Hausdorff space Y such that (ω 1 + 1) × Y is homogeneous?
A large class of Hausdorff spaces for which the pseudocharacter and character coincide is the class of generalized ordered spaces (that is, subspaces of linearly ordered spaces). Repeating the proof of Theorem 10, we obtain the following result:
Theorem 16. Every power-homogeneous generalized linearly ordered space is character-closed.
A point x of a space X will be called a chain-point if there exists a family γ of open subsets of X satisfying the following conditions:
(a) γ = {V : V ∈ γ} = {x}; and (b) γ is a chain, that is, for any V, U ∈ γ, either V ⊂ U or U ⊂ V . Any such family γ will be called a strong chain at x.
Proposition 17. Any space X is diagonalizable at any chain-point.
Proof. Let e be a chain-point in X and γ a strong chain at e. Take any x, y ∈ X. Put xy = y if there exists V ∈ γ such that x ∈ V and y / ∈ V . Otherwise, put xy = x. In particular, it follows that ey = y, for each y ∈ X, and xe = x, for each x ∈ X. It cannot occur that, for some V, U ∈ γ and x, y ∈ X, x ∈ V , y / ∈ V , y ∈ U , and x / ∈ U , since γ is a chain. Therefore, the definition of multiplication is correct. It is easy to check that the binary operation so defined is a twister on X at e.
Lemma 18. Suppose that X is a space diagonalizable at a point e ∈ X. Suppose further that A is a subset of X such that e ∈ A, and U is an open neighbourhood of A. Then there exists a family γ of open neighbourhoods of e in X such that |γ| ≤ |A| and ( γ) ⊂ U .
Proof. Fix a twister at e on X. Take any x ∈ A. We have xe = x ∈ U . By continuity of multiplication on the left, we can find an open neighbourhood V x of e such that xV x ⊂ U . Consider the family γ = {V x : x ∈ A}. Clearly, |γ| ≤ |A|. Put P = γ. Then AP ⊂ U .
Let us show that P ⊂ U . Assume the contrary. Then there exists y ∈ P and an open neighbourhood W of y such that W ∩ U = ∅. Since ey = y and the multiplication is continuous on the right, there is an open neighbourhood O(e) of e such that O(e)y ⊂ W . Since e is in the closure of A, A∩O(e) = ∅. Fix a ∈ A∩O(e). Then ay ∈ W . Since W and U are disjoint, it follows that ay / ∈ U . On the other hand, ay ∈ AP ⊂ U , a contradiction.
Theorem 19. Suppose that X, < is a linearly ordered topological space, and e ∈ X. Then the following conditions are pairwise equivalent: (i) X is diagonalizable at e;
(ii) Either the left cofinality of X at e and the right cofinality of X at e coincide, or the point e is isolated from the left or from the right.
(iii) e is a chain-point of X.
Proof. In each of the three cases in (ii), an obvious argument shows that e is a chain-point in X. Thus, (ii) implies (iii). If (iii) holds, then X is diagonalizable at e, by Proposition 17. Thus, (iii) implies (i). If (i) holds, and e is neither isolated from the left nor from the right, then it obviously follows from Lemma 18 that the left cofinality of X at e and the right cofinality of X at e coincide. Thus, (i) implies (ii), and all three conditions (i), (ii), and (iii) are equivalent. Proof. Every linearly ordered space with the first element e is diagonalizable at e (put xy = max{x, y} [2] ). Each X a either contains a non-closed countable subset or is discrete. It remains to apply Theorem 22.
Every non-empty linearly ordered compact space has the first element. Hence, if the product of non-empty linearly ordered compact spaces is homogeneous, then all factors are first countable. This generalizes a result of M. Bell [4] .
Lemma 25. Suppose that X is a linearly ordered topological space containing a non-empty open locally compact subspace V . Then there exists a chain-point in X (belonging to V ).
Proof. For arbitrary a, b ∈ X we put [a, b] = {x ∈ X : a ≤ x ≤ b}. Clearly, there exist a 0 , b 0 ∈ X such that a 0 < b 0 and [a 0 , b 0 ] is compact. Assume that α is an ordinal and a β ∈ X and b β ∈ X have already been defined for every β < α such that the following inequalities are satisfied whenever β 1 < β 2 < α:
non-empty and closed in X and [a 0 , b 0 ] is compact, it follows that P α is a non-empty compact subset of X. If P α is a singleton, that is, P α = {z}, for some z ∈ X, then, clearly, η α is a base of X at z and, hence, z is a chain-point in X. If P α contains more than one point but is finite, we put z = min(P α ). Then z is isolated from the right and therefore, z is a chain-point in X. If P α is infinite, we can choose a α , b α ∈ P α such that min(P α ) < a α < b α < max(P α ). This process must stop at some ordinal α. Then P α must be finite, which provides us with a chain-point in X.
Lemma 26. If a linearly ordered topological space X contains a non-empty compact G δ -subspace F , then some point of F is a chain-point in X and therefore, X is diagonalizable at some point of F .
Proof. Fix a point y in F and a countable family {W n : n ∈ ω} of open subsets of X such that F = {W n : n ∈ ω}. We may assume that y is not isolated neither from the right, nor from the left (since otherwise y is a chain-point in X and there is nothing to prove). Then we can define, by induction, open intervals U n in X such that y ∈ U n and U n+1 ⊂ U n ⊂ W n , for each n ∈ ω. Put B = {U n : n ∈ ω}. Clearly, B is a closed subset of X and y ∈ B ⊂ F . Therefore, B is a non-empty compactum. 
